Abstract. We give a new formula for the Chern-Schwartz-MacPherson class of a hypersurface with arbitrary singularities, generalizing the main result of P-P], which was a formula for the Euler characteristic. Two di erent approaches are presented. The rst is based on the theory of characteristic cycle of a D-module (or a holonomic system) and the work of Introduction and statement of the main result
Introduction and statement of the main result Let X be a nonsingular compact complex analytic variety of pure dimension n and let L be a holomorphic line bundle on X. Take f 2 H 0 (X; L) a holomorphic section of L such that the variety Z of zeros of f is a (nowhere dense) hypersurface in X. Denoting by TX the tangent bundle of X, we will call Fix now any strati cation S = fSg of Z such that is constant on the strata of S. For instance, any Whitney strati cation of Z satis es this property, see B-M-M] and Pa]. Actually, it is not di cult to see that the topological type of the Milnor bres is constant along the strata of Whitney strati cation of Z. Let us denote the value of on the stratum S by S . Let The main result of the present paper is Theorem 0.2. In the above notation,
where i S;Z : S ! Z denotes the inclusion.
When X is projective, (4) was conjectured by Yokura in Y2] . Under this last assumption, the equality (S) was proved in P-P]; hence the theorem gives, in particular, a generalization of the main result (5) of P-P] to compact varieties. Perhaps, it is in order to note at this point that when Z is a curve on a complex surface X, (5) is nothing but a classical \adjunction formula" Ko, (2.2)].
Our proof of the theorem is based on a formula due to Sabbah S] , which allows one to calculate the Chern-Schwartz-MacPherson class of a subvariety in terms of the associated characteristic cycle. In the case of hypersurface Z, this characteristic cycle was calculated in B-M-M] and L-M] in terms of the blow-up of the Jacobian ideal of a local equation of Z in X. So the proof of Theorem 0.2 is obtained by putting this local description and the global data together, and expressing the characteristic cycle of Z in terms of the global blow-up of the singular subscheme of Z. Here by the singular subscheme of Z we mean the one de ned locally by the ideal f; @f @z 1 ; : : : ; @f @z n , where (z 1 ; : : : ; z n ) are local coordinates on X. The approach used leads to a very simple proof of a formula for the ChernSchwartz-MacPherson class of hypersurface in terms of some divisors associated with the above blow-up. This formula was originally obtained by Alu A] by di erent methods. Some new formulas for the Chern-Schwartz-MacPherson classes of the constructible functions and are also given.
In the last section, we show, using Verdier's specialization property of the Chern- Finally, we note that one motivation for studying the Milnor classes comes from Riemann-Roch-type problems. Namely, it is pointed out by Yokura in Y1] that the knowledge of the Milnor class is necessary to understand a generalized Verdier-type Riemann-Roch theorem for the Chern-Schwartz-MacPherson class.
Chern-Mather classes and Chern-Schwartz-MacPherson classes
We start by recalling some results of Sabbah S] . Let for X as in the introduction, T X denote the cotangent bundle of X. Let where T V is the dual bundle of T V . It is easy to see that
where for a homology class a = a 0 + a 1 + a 2 + : : : , where a i 2 H 2i (V ), we denote a _ := a 0 ? a 1 + a 2 ? : : : .
By T V X T X we denote the conormal space to V :
T V X := Closure (x; ) 2 T X j x 2 V 0 ; j T x V 0 0 ;
and by C(V ) PT X its projectivization. Let : C(V ) ! V be the restriction of the projection PT X ! X to C (V ) . Then by S], we have
where O(?1) is the tautological line bundle on PT X restricted to C (V ) .
Let now ' be a constructible function on X,
where Y j are (closed) subvarieties of X and a j 2 Z. By the characteristic cycle of ' we mean the Lagrangian conical cycle in T X de ned by For a general de nition of the characteristic cycle of a sheaf, we refer the reader to B]. The characteristic cycle of a constructible function admits the following interpretation. Let F(X) and L(X) denote the groups of constructible functions on X and conical Lagrangian cycles in T X respectively. It is known that the assignment
where Eu V stands for the Euler obstruction (see McP] and also S], K1]), de nes a natural transformation of the functors of Lagrangian conical cycles and constructible functions, that is an isomorphism. In particular, we have an isomorphism between L(X) and F(X). The operation of taking the characteristic cycle is the inverse of this isomorphism; that is, it is given by
Since every constructible function is a combination of the Eu V 's (see McP] ), this allows \in theory" to compute Ch(') for a constructible function '. However, even for ' = 11 V , this would involve not only the Euler obstruction of V itself but also of some subvarieties of V . Now we associate with a constructible function ' on X its Chern-Schwartz- { an element in H (Supp'). We note that, in particular, by (8), (11) and (12) one has
If V X is a (closed) subvariety, we will write c (V ) := c (11 V ) as is customary. Note that (12) we get for each stratum S 2 S. Finally, using (20) and (21) (S) which is the required expression.
Another approach via specialization
In this section, the setup is as in the Introduction. Additionally, let us assume that there exists a section g 2 H 0 (X; L) such that Z 0 = g ?1 (0) is smooth and transverse to the strata of a ( xed) Whitney strati cation S = fSg of Z. For t 2 C , denote f t = f ?tg. In this section, by Z we will denote the following correspondence in X C : Z := (x; t) 2 X C j f t (x) = 0 : Denoting by p : Z ! C the restriction to Z of the projection onto the second factor of X C , we have p ?1 (t) = fx 2 X j f t (x) = 0g =: Z t for t 2 C. Let F(Z) (resp. F(Z) ) denote the group of constructible functions on Z (resp. on Z). Denote by Proof. If x 6 2 Z \ Z 0 i.e. g(x) 6 = 0, then Z t = z j f(z) ? tg(z) = 0 = z j f(z)=g(z) = t after restriction to a small ball is the Milnor bre of f=g at x, and f=g also de nes Z in a neighborhood of x. The assertion follows.
Let now x 2 Z \ Z 0 . We will use similar arguments to those used in Step 1 of the proof of Proposition 7 in P-P]. Proceeding locally we can assume that x is the origin in C n , that in our local coordinates g(z) z n and that fz n = 0g is transverse to a xed Whitney strati cation S = fSg of Z = ff = 0g. Our goal is to show that for su ciently small " > 0 and 0 < << ", if t 2 C satis es 0 < jtj < , then Z t \ B " = (z 1 ; : : : ; z n ) 2 C n jzj < "; f ? tz n = 0 is contractible, where B " = B(0; "). Set Invoking the equality = P S (S)11 S (see Lemma 4.1), Equation (23) (24) we get that the RHS of (22) where i Z;X : Z ! X and i S;X : S ! X denote the inclusions.
